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Introduction
The cohomology theory of associative algebras was initiated by Hochschild
[Hoch], Cartan and Eilenberg [CaE] and MacLane [M]. Let R be a commuta-
tive ring and Λ an R-algebra which is a ﬁnitely generated projective R-module.
If M is a Λ-bimodule (i.e., a Λ⊗R Λop-module), then the n-th Hochschild co-
homology of Λ with coeﬃcients in M is deﬁned by
Hn(Λ,M) := ExtnΛ⊗RΛop(Λ,M).
Cup product gives HH∗(Λ) :=
⊕
n0HH
n(Λ) a graded ring structure with
identity 1 ∈ ZΛ  HH0(Λ), where HHn(Λ) denotes Hn(Λ,Λ) and ZΛ denotes
the center of Λ. However, to determine the multiplicative structure of the
Hochschild cohomology ring is generally diﬃcult task.
We are interested in the case Λ = RG for a ﬁnite group G. As for the addi-
tive structure of the Hochschild cohomology, it was well known that HHn(RG)
is isomorphic to the direct sum of the ordinary group cohomology of the cen-
tralizers of representatives of the conjugacy classes of G (see [B, Theorem
2.11.2], [SiW, Section 4]):
HH∗(RG) 
⊕
j
H∗(Gj , R).
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As for the multiplicative structure of HH∗(RG), when G is a ﬁnite abelian
group, Holm [Hol] and Cibils and Solotar [CiSo] prove the following ring iso-
morphism exists:
HH∗(RG)  RG⊗R H∗(G,R).
If G is a non abelian group, it seems more diﬃcult to investigate the ring
structure of HH∗(RG). However, Siegel and Witherspoon [SiW] deﬁne a new
product on
⊕
j H
∗(Gj , R), making the above additive isomorphism multiplica-
tive. Besides, they calculate the Hochschild cohomology rings of F3S3,F2A4,
F2D2n using this new product. In this paper, we calculate the ring struc-
ture HH∗(ZQt) for arbitrary generalized quaternion group Qt by the method
diﬀerent from [SiW].
We will describe the detail. Let Qt = 〈x, y|x2t = 1, xt = y2, yxy−1 = x−1〉
be the generalized quaternion group of order 4t for any positive integer t 
2. We set Λ = ZQt. In this paper we determine the ring structure of the
Hochschild cohomology HH∗(Λ) :=
⊕
n0HH
n(Λ) for t  2 using a ring
isomorphism
HH∗(Λ) ∼−→ H∗(G, ϕΛ) :=
⊕
n0
Hn(G, ϕΛ)
and calculating the ordinary cup product in H∗(G, ϕΛ) above. In fact, Qt has
the well known periodic resolution of period 4. To compute the ordinary cup
product, we use a diagonal approximation on the periodic resolution of Qt
stated in [HaSa].
In Section 1, as preliminaries, we describe some deﬁnitions and proper-
ties about Hochschild cohomology, and that the isomorphism HHn(Λ) ∼−→
Hn(G, ϕΛ) preserves the cup products.
In Section 2, we obtain particular generators of Hn(Qt, ϕΛ) as a Z-module
(Proposition 1). In fact, although the module structure of Hn(Qt, ϕΛ) is easily
obtained by its additive decomposition (Lemma 1), we need the particular
generators to determine the ring structure of H∗(Qt, ϕΛ) in Section 3.
We calculate the cup product for the generators of H∗(Qt, ϕΛ) for t even
(resp. t odd) in Section 3.1 (resp. Section 3.2). In Section 3.3, as the main
theorem of this paper, we give an explicit description of the cohomology ring
H∗(Qt, ϕΛ) summarizing the calculations in Sections 3.1 and 3.2, which means
that the ring structure of HH∗(Λ) is completely determined.
§1. Preliminaries
Let R be a commutative ring and Λ an R-algebra which is a ﬁnitely generated
projective R-module. If M is a Λ-bimodule (i.e., a Λ ⊗R Λop-module), then
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the n-th Hochschild cohomology of Λ with coeﬃcients in M is deﬁned by
Hn(Λ,M) := ExtnΛ⊗RΛop(Λ,M).
Suppose N is another Λ-bimodule. Then for every pair of integers p, q  0
there is a (Hochschild) cup product
Hp(Λ,M)⊗R Hq(Λ,N) −→ Hp+q(Λ,M ⊗Λ N).
If we put M = N = Λ, then the cup product gives HH∗(Λ) :=
⊕
n0HH
n(Λ)
the structure of a graded ring with identity 1 ∈ ZΛ  HH0(Λ), where HHn(Λ)
denotes Hn(Λ,Λ) and ZΛ denotes the center of Λ. HH∗(Λ) is called the
Hochschild cohomology ring of Λ. Moreover, the Hochschild cohomology ring
HH∗(Λ) is anti-commutative, that is, for α ∈ HHp(Λ) and β ∈ HHq(Λ) we
have αβ = (−1)pqβα (see [Sa2, Proposition 1.2] for example).
Let G be a ﬁnite group. We put Λ = RG. The following isomorphism is
well known:
Hn(Λ,M) ∼−→ Hn(G, ϕM) := ExtnΛ(R, ϕM).
In the above, ϕM denotes M regarded as a G-module using a ring homomor-
phism ϕ : Λ → Λ⊗R Λop;x → x⊗ (x−1)◦ for x ∈ G. Hn(G, ϕM) denotes the
ordinary n-th group cohomology.
Suppose A and B are G-modules. Then for every pair of integers p, q  0
there exists a homomorphism called (ordinary) cup product
Hp(G,A) ⊗R Hq(G,B) −→ Hp+q(G,A ⊗R B).
Note that the isomorphism stated above preserves cup products, that is,
the following diagram is commutative for Λ-bimodules A and B:
Hp(Λ,A) ⊗R Hq(Λ,B) −−−→ Hp+q(Λ,A⊗Λ B)

 
Hp(G, ϕA)⊗R Hq(G, ϕB) −−−→
µ
Hp+q (G, ϕ(A⊗Λ B)) .
In the above, µ denotes the map induced by the (ordinary) cup product and
a left Λ-homomorphism µ : ϕA⊗R ϕB → ϕ(A⊗Λ B); a⊗R b → a⊗Λ b. If we
put A = B = Λ and identify Λ with Λ⊗Λ Λ as a Λ-bimodule, then we have a
ring isomorphism
HH∗(Λ) ∼−→ H∗(G, ϕΛ) :=
⊕
n0
Hn(G, ϕΛ)
(cf. [SiW, Proposition 3.2], [Sa3, Section 1] or [NSa]). In the following, we
write ⊗ in place of ⊗R for brevity.
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§2. Module structure
Let Qt denote the generalized quaternion group of order 4t for any positive
integer t  2:
Qt = 〈x, y|x2t = 1, xt = y2, yxy−1 = x−1〉.
In the following, we denote ZQt by Λ. In this section, we determine the gen-
erators of Hn(Qt, ϕΛ). In fact, although the module structure of Hn(Qt, ϕΛ)
is easily obtained (Lemma 1), to determine the ring structure of H∗(Qt, ϕΛ)
in Section 3, we need particular generators of Hn(Qt, ϕΛ) as a Z-module.
2.1. A resolution of Qt and lemmas.
The following periodic Λ-free resolution of Z of period 4 is well known (see
[CaE, Chapter XII, Section 7], [T, Chapter 3, Periodicity]):
(Y, δ) : · · · → Λ2 δ1−→ Λ δ4−→ Λ δ3−→ Λ2 δ2−→ Λ2 δ1−→ Λ ε−→ Z→ 0,
δ1(c1, c2) = c1(x− 1) + c2(y − 1),
δ2(c1, c2) = (c1L + c2(xy + 1),−c1(y + 1) + c2(x− 1)) ,
δ3(c) = (c(x− 1),−c(xy − 1)),
δ4(c) = cN,
where L denotes xt−1 + xt−2 + · · · + 1 (∈ Λ), Λ2 denotes the direct sum
Λ ⊕ Λ and N denotes ∑w∈Qt w (∈ Λ). Applying the functor HomΛ(−, ϕΛ)
to the periodic resolution (Y, δ), we have the following complex which gives
Hn(Qt, ϕΛ), where we identify HomΛ(Y0, ϕΛ) with Λ, HomΛ(Y1, ϕΛ) with Λ2
and so on:
(
HomΛ(Y, ϕΛ), δ#
)
: 0→ Λ δ
#
1−→ Λ2 δ
#
2−→ Λ2 δ
#
3−→ Λ δ
#
4−→ Λ δ
#
1−→ · · · ,
δ#1 (λ) = ((x− 1)λ, (y − 1)λ),
δ#2 (λ1, λ2) = (Lλ1 − (y + 1)λ2, (xy + 1)λ1 + (x− 1)λ2),
δ#3 (λ1, λ2) = (x− 1)λ1 − (xy − 1)λ2,
δ#4 (λ) = Nλ.
To give explicit generators of Hn(Qt, ϕΛ) as a Z-module in Section 2.2, we
prove the following two lemmas.
Lemma 1 (Additive decomposition). The Hochschild cohomology Hn(Qt,
ϕΛ) ( HHn(Λ)) is given as follows:
Hn(Qt, ϕΛ)
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=


Z
t+3 for n = 0
(Z/4t)2 ⊕ (Z/2t)t−1 ⊕ (Z/4)2 for n ≡ 0 mod 4, n 
= 0
0 for n ≡ 1 mod 4{
(Z/2)4 ⊕ (Z/2t)t−1 ⊕ (Z/4)2
(Z/4)2 ⊕ (Z/2t)t−1 ⊕ (Z/4)2
for n ≡ 2 mod 4, t even
for n ≡ 2 mod 4, t odd
0 for n ≡ 3 mod 4.
Proof. Let G be a ﬁnite group and R a commutative ring. It is well known
that the Hochschild cohomology of the group ring RG is isomorphic to the
direct sum of the cohomology of the centralizers Gj of representatives of the
conjugacy classes of G (see [B, Theorem 2.11.2], [SiW, Section 4]):
Hn(G, ϕRG) ∼=
⊕
j
Hn(Gj , R).
Now we put G = Qt and R = Z. The t + 3 conjugacy classes of Qt are given
as follows:
{1}, {xt}, {xi, x−i} (for 1  i  t− 1),
{xmy | m  0 even}, {xmy | m  1 odd}.
If we take representatives 1, xt, xi (for 1  i  t − 1), y, xy from each of
them, then the centralizers of them are given by Qt, Qt, 〈x〉 (for 1  i 
t − 1), 〈y〉, 〈xy〉, respectively. Note that 〈x〉, 〈y〉 and 〈xy〉 are cyclic groups
of order 2t, 4 and 4, respectively. We know the following (see [T, Chapter 3]):
Hn(Qt,Z) =


Z for n = 0
Z/4t for n ≡ 0 mod 4 and n 
= 0
0 for n ≡ 1 mod 4{
(Z/2)2
Z/4
for n ≡ 2 mod 4 and t even
for n ≡ 2 mod 4 and t odd
0 for n ≡ 3 mod 4,
Hn(Ck,Z) =


Z for n = 0
Z/k for n ≡ 0 mod 2 and n 
= 0
0 for n ≡ 1 mod 2,
where Ck denotes the cyclic group of order k. Thus we have the results.
In the following, we give some preliminaries for the change of basis which
will be used in the proof of Proposition 1. For any integer 0  i  t + 1, we
set
Mi =


1 + x2 + x4 + · · ·+ x2t−2 (i = 0)
xi + xi+2 + xi+4 + · · · + x2t−i (1  i  t− 1)
xt (i = t)
0 (i = t + 1).
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In particular, M denotes M0. It is easy to see that the following equations
hold:
Mxi =
{
M (i even)
Mx (i odd),
yM = My,
M = M2 + 1,
Mi+2 = Mi −
(
xi + x−i
)
(i = 1, 2, . . . , t− 1),
M2t−i = M2t−i+2 + xi + x−i (i = t + 1, t + 2, . . . , 2t− 1).
Furthermore, as elements of Λ2, we set
a2i =


(y, y) i = 0(
M2i+2y, x
2i+2y
) { i = 1, 2, . . . , t2 − 1 (t even)
i = 1, 2, . . . , t−12 (t odd)(−M2t−2iy, x2i+2y)
{
i = t2 ,
t
2 + 1, . . . , t− 2 (t even)
i = t+12 ,
t+3
2 , . . . , t− 2 (t odd)
(−My, 0) i = t− 1
(−y, x2y) i = t,
a2i+1 =


(0, xy) i = 0(
M2i+1y, x
2i+1y
) { i = 1, 2, . . . , t2 (t even)
i = 1, 2, . . . , t−12 (t odd)(−M2t−(2i−1)y, x2i+1y)
{
i = t2 + 1,
t
2 + 2, . . . , t− 1 (t even)
i = t+12 ,
t+3
2 , . . . , t− 1 (t odd)
(Mxy, 0) i = t,
bi =


− ((xi + x−i) y, (xi − xi+2) y) i = 0, 1, . . . , 2t− 1(
My,
(
1 + x2
)
y
)
i = 2t
(Mxy, 2xy) i = 2t + 1,
b′2i =
(
My,
(
x−2i + x2i+2
)
y
) { i = 1, 2, . . . , t2 − 1 (t even)
i = 1, 2, . . . , t−12 (t odd),
b′2i−1 =
(
Mxy,
(
x1−2i + x2i+1
)
y
) { i = 1, 2, . . . , t2 (t even)
i = 1, 2, . . . , t−12 (t odd).
It is easy to see that a0,a1,a2, . . . ,a2t+1 are linearly independent on Z by
comparing the second components of ai’s.
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Lemma 2. The following equations hold in Λ2:
(i) a2i =


−a0 +
i∑
j=1
b2j + b2t i = 1, 2, . . . , t− 2
−2a0 +
t−1∑
j=1
b2j + b2t i = t− 1
−3a0 +
t−1∑
j=1
b2j + 2b2t i = t,
(ii) a2i+1 =


−a1 +
i−1∑
j=0
b2j+1 + b2t+1 i = 1, 2, . . . , t− 1
−2a1 + b2t+1 i = t,
(iii) b0 =
t−1∑
i=1
b2i + 2b2t − 4a0,
(iv) b2t−1 = −
t−1∑
i=1
b2i−1 − 2b2t+1 + 4a1,
(v) b′2i =
i∑
j=1
b2j −
i∑
j=1
b2t−2j + b2t
{
i = 1, 2, . . . , t2 − 1 (t even)
i = 1, 2, . . . , t−12 (t odd),
(vi) b′2i+1 =
i∑
j=0
b2j+1 −
i∑
j=0
b2t−(2j+1) + b2t+1
{
i = 0, 1, . . . , t2 − 1 (t even)
i = 0, 1, . . . , t−32 (t odd).
Moreover, there exist (t + 1) × (t + 1) matrices P1, P2 satisfying detP1 =
detP2 = 1 such that
(a0 a2 . . . a2t) = (a0 b2 b4 . . . b2t)P1,
(a1 a3 . . . a2t+1) = (a1 b1 b3 . . . b2t−3 b2t+1)P2.
Proof. Straightforward. From (i) and (ii), we obtain
P1 =


1 −1 −1 . . . . . . −1 −2 −3
0 1 1 . . . . . . 1 1 1
0 0 1 . . . . . . 1 1 1
...
...
. . . . . .
...
...
...
...
...
. . . . . .
...
...
...
...
...
. . . 1 1 1
0 0 0 . . . . . . 0 1 1
0 1 1 . . . . . . 1 1 2


,
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P2 =


1 −1 −1 . . . . . . −1 −1 −2
0 1 1 . . . . . . 1 1 0
0 0 1 . . . . . . 1 1 0
...
...
. . . . . .
...
...
...
...
...
. . . . . .
...
...
...
...
...
. . . 1 1 0
0 0 0 . . . . . . 0 1 0
0 1 1 . . . . . . 1 1 1


.
Hence we have detP1 = detP2 = 1. This completes the proof.
Lemma 2 shows that a0,a1, b1, b2, b3, . . . , b2t−2, b2t, b2t+1 are linearly inde-
pendent on Z and so we have the following equality:
2t+1⊕
i=0
Zai = Za0 ⊕ Za1 ⊕
2t−2⊕
i=1
Zbi ⊕ Zb2t ⊕ Zb2t+1. (2.1)
2.2. Explicit generators of Hn(Qt, ϕΛ).
Next, we give particular generators of Hn(Qt, ϕΛ) using Lemmas 1 and 2. The
generators of Hn(Qt, ϕΛ) will be used in the calculation of the cohomology ring
H∗(Qt, ϕΛ) in Section 3.
Proposition 1. The module structure of Hn(Qt, ϕΛ) is represented by the
form of the subquotient of the complex HomΛ(Y, ϕΛ) as follows:
Hn(Qt, ϕΛ)
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=


Z⊕ Zxt ⊕
t−1⊕
i=1
Z
(
xi + x−i
)⊕ ZMy ⊕ ZMxy for n = 0,
Z/4t⊕ Zxt/4t ⊕
t−1⊕
i=1
Z
(
xi + x−i
)
/2t
⊕ZMy/4⊕ ZMxy/4
for n ≡ 0 mod 4, n 
= 0,
0 for n ≡ 1 mod 4,

Z(1, 0)/2 ⊕ Z(0, 1)/2 ⊕ Z(xt, 0)/2
⊕Z(0, xt)/2⊕
t−1⊕
i=1
Z
(
xi, 0
)
/2t
⊕Z(y, y)/4⊕ Z(0, xy)/4
Z
(
t−1
2 , 1
)
/4⊕ Z ( t−12 xt, xt) /4
⊕
t−1⊕
i=1
Z
(
xi, 0
)
/2t⊕ Z(y, y)/4
⊕Z(0, xy)/4
for n ≡ 2 mod 4, t even,
for n ≡ 2 mod 4, t odd,
0 for n ≡ 3 mod 4.
In the above, M/m denotes the quotient module M/mM for a Z-module M
and an element m ∈ Z.
Proof. Let λ =
2t−1∑
i=0
1∑
j=0
zi,jx
iyj (zi,j ∈ Z) be any element of ϕΛ. By the action
of Qt on ϕΛ, we have
xλ =
2t−1∑
i=0
zi,0x
i +
2t−1∑
i=0
zi,1x
i+2y
=
2t−1∑
i=0
zi,0x
i + z2t−2,1y + z2t−1,1xy +
2t−1∑
i=2
zi−2,1xiy,
yλ =
2t−1∑
i=0
zi,0x
−i +
2t−1∑
i=0
zi,1x
−iy
= z0,0 +
2t−1∑
i=1
z2t−i,0xi + z0,1y +
2t−1∑
i=1
z2t−i,1xiy,
xyλ =
2t−1∑
i=0
zi,0x
−i +
2t−1∑
i=0
zi,1x
2−iy
= z0,0 +
2t−1∑
i=1
z2t−i,0xi +
2∑
i=0
z2−i,1xiy +
2t−1∑
i=3
z2t−i+2,1xiy.
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In the following, we calculate the cohomology in each cases of n modulo 4.
(i) The case n = 0: H0(Qt, ϕΛ) = Ker δ
#
1 = Z ⊕ Zxt ⊕
t−1⊕
i=1
Z
(
xi + x−i
) ⊕
ZMy ⊕ ZMxy holds. In fact, for λ =
2t−1∑
i=0
1∑
j=0
zi,jx
iyj ∈ Λ, we have
λ ∈ Ker δ#1 ⇐⇒
{
(x− 1)λ = 0
(y − 1)λ = 0
⇐⇒


1∑
i=0
(z2t+i−2,1 − zi,1)xiy +
2t−1∑
i=2
(zi−2,1 − zi,1)xiy = 0
2t−1∑
i=1
(z2t−i,0 − zi,0) xi +
2t−1∑
i=1
(z2t−i,1 − zi,1)xiy = 0
⇐⇒
{
zi,0 = z2t−i,0 (i = 1, 2, . . . , t− 1)
zi,1 = zi+2,1 (i = 0, 1, . . . , 2t− 3)
⇐⇒ λ = z0,0 + zt,0xt +
t−1∑
i=1
zi,0
(
xi + x−i
)
+ z0,1My + z1,1Mxy.
(ii) The case n ≡ 0 mod 4, n 
= 0: We calculate Hn(Qt, ϕΛ) = Ker δ#1 /Im δ#4 .
It suﬃces to show that Im δ#4 = 4tZ ⊕ 4tZxt ⊕
t−1⊕
i=1
2tZ
(
xi + x−i
) ⊕ 4ZMy ⊕
4ZMxy. For λ =
2t−1∑
i=0
1∑
j=0
zi,jx
iyj ∈ Λ, we have
δ#4 (λ) = Nλ = 4tz0,0 + 4tzt,0x
t +
t−1∑
i=1
2t (zi,0 + z2t−i,0)
(
xi + x−i
)
+
t−1∑
i=0
4z2i,1My +
t−1∑
i=0
4z2i+1,1Mxy.
(iii) The case n ≡ 1 mod 4: We already know Hn(Qt, ϕΛ) = 0 in Lemma 1.
(iv) The case n ≡ 2 mod 4 and t even: We calculate Hn(Qt, ϕΛ) = Ker δ#3 /
Im δ#2 . First we show
Ker δ#3 = Z(1, 0)⊕ Z(0, 1)⊕ Z(xt, 0)⊕ Z(0, xt)⊕
t−1⊕
i=1
Z
(
xi, 0
)
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⊕
t−1⊕
i=1
Z
(
xi + x−i, 0
) ⊕ t−1⊕
i=0
Z
(
tx−i, xi + x−i
)⊕ 2t+1⊕
i=0
Zai. (2.2)
For λ1 =
2t−1∑
i=0
1∑
j=0
zi,jx
iyj and λ2 =
2t−1∑
i=0
1∑
j=0
wi,jx
iyj ∈ Λ (zi,j , wi,j ∈ Z), we
have
(λ1, λ2) ∈ Ker δ#3
⇐⇒ (x− 1)λ1 − (xy − 1)λ2 = 0
⇐⇒
2t−1∑
i=1
(wi,0 − w2t−i,0)xi + (z2t−2,1 − z0,1 − w2,1 +w0,1) y
+ (z2t−1,1 − z1,1)xy + (z0,1 − z2,1 − w0,1 + w2,1)x2y
+
2t−1∑
i=3
(zi−2,1 − zi,1 − w2t+2−i,1 + wi,1)xiy = 0
⇐⇒


wi,0 − w2t−i,0 = 0 (i = 1, 2, . . . , t− 1)
z2t−2,1 − z0,1 − w2,1 + w0,1 = 0
z2t−1,1 − z1,1 = 0
z0,1 − z2,1 − w0,1 + w2,1 = 0
zi−2,1 − zi,1 − w2t+2−i,1 +wi,1 = 0 (i = 3, 4, . . . , 2t− 1)
⇐⇒


wi,0 − w2t−i,0 = 0 (i = 1, 2, . . . , t− 1)

z0,1 − z2t−2,1 − w0,1 + w2,1 = 0
z2,1 − z2t−2,1 = 0
z2i,1 − z2t−2,1 −
i∑
j=2
w2j,1 +
i∑
j=2
w2t+2−2j,1 = 0
(i = 2, 3, . . . , t− 2)

z1,1 − z2t−1,1 = 0
z2i+1,1 − z2t−1,1 −
i∑
j=1
w2j+1,1 +
i∑
j=1
w2t+1−2j,1 = 0
(i = 1, 2, . . . , t− 2).
If this is the case, then we have
(λ1, λ2) =
2t−1∑
i=0
1∑
j=0
zi,j
(
xiyj , 0
)
+
2t−1∑
i=0
1∑
j=0
wi,j
(
0, xiyj
)
= z0,0(1, 0) + w0,0(0, 1) + zt,0
(
xt, 0
)
+ wt,0
(
0, xt
)
+
t−1∑
i=1
{
zi,0
(
xi, 0
)
+ z2t−i,0
(
x−i, 0
)
+ wi,0
(
0, xi + x−i
)}
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+w0,1a0 +
t−2∑
i=1
w2i+2,1a2i − z2t−2,1a2t−2 + w2,1a2t
+
t−1∑
i=0
w2i+1,1a2i+1 + z2t−1,1a2t+1.
= z0,0(1, 0) + w0,0(0, 1) + zt,0
(
xt, 0
)
+ wt,0
(
0, xt
)
+
t−1∑
i=1
{
(zi,0 − z2t−i,0 + twi,0)
(
xi, 0
)
+(z2t−i,0 − twi,0)
(
xi + x−i, 0
)
+ wi,0
(
tx−i, xi + x−i
)}
+w0,1a0 +
t−2∑
i=1
w2i+2,1a2i − z2t−2,1a2t−2 + w2,1a2t
+
t−1∑
i=0
w2i+1,1a2i+1 + z2t−1,1a2t+1.
Hence (λ1, λ2) is an element of the right hand side of (2.2). Conversely, δ
#
3
sends the Z-basis of the right hand side of (2.2) into 0. Hence the reverse
inclusion also holds. Thus (2.2) is proved. From (2.1) and (2.2), we get
Ker δ#3 = Z(1, 0)⊕ Z(0, 1)⊕ Z(xt, 0)⊕ Z(0, xt)
⊕
t−1⊕
i=1
Z
(
xi, 0
)⊕ t−1⊕
i=1
Z
(
xi + x−i, 0
) ⊕ t−1⊕
i=0
Z
(
tx−i, xi + x−i
)
⊕ Z(y, y)⊕ Z(0, xy)⊕
2t−2⊕
i=1
Zbi ⊕ Zb2t ⊕ Zb2t+1. (2.3)
Next, we verify
Im δ#2 = 2Z(1, 0) ⊕ 2Z(0, 1)⊕ 2Z(xt, 0)⊕ 2Z(0, xt)⊕
t−1⊕
i=1
2tZ
(
xi, 0
)
⊕
t−1⊕
i=1
Z
(
xi + x−i, 0
) ⊕ t−1⊕
i=0
Z
(
tx−i, xi + x−i
)
⊕ 4Z(y, y)⊕ 4Z(0, xy) ⊕
2t−2⊕
i=1
Zbi ⊕ Zb2t ⊕ Zb2t+1. (2.4)
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Since, for λ1 =
2t−1∑
i=0
1∑
j=0
zi,jx
iyj and λ2 =
2t−1∑
i=0
1∑
j=0
wi,jx
iyj ∈ Λ (zi,j , wi,j ∈ Z),
Lλ1 − (y + 1)λ2 = t
2t−1∑
i=0
zi,0x
i +
t−1∑
i=0
z2i,1My +
t−1∑
i=0
z2i+1,1Mxy
−
2t−1∑
i=0
wi,0
(
xi + x−i
)− 2t−1∑
i=0
wi,1
(
xi + x−i
)
y,
(xy + 1)λ1 + (x− 1)λ2 =
2t−1∑
i=0
zi,0
(
xi + x−i
)
+
2t−1∑
i=0
zi,1
(
x2−i + xi
)
y
+
2t−1∑
i=0
wi,1
(
xi+2 − xi) y,
we have
δ#2 (λ1, λ2)
= z0,0(t, 2)−w0,0(2, 0) + zt,0
(
txt, 2xt
)− wt,0 (2xt, 0)
+
t−1∑
i=1
{
zi,0
(
txi, xi + x−i
)
+ z2t−i,0
(
tx−i, xi + x−i
)
− (wi,0 + w2t−i,0)
(
xi + x−i, 0
)}
+
2t−1∑
i=0
wi,1bi + (z0,1 + z2,1)b2t + z1,1b2t+1 +
t
2
−1∑
i=1
(z2i+2,1 + z2t−2i,1)b′2i
+
t
2
−1∑
i=1
(z2i+1,1 + z2t+1−2i,1)b′2i−1 + zt+1,1b
′
t−1
= 2 (z0,0t/2− w0,0) (1, 0) + 2z0,0(0, 1) + 2 (zt,0t/2− wt,0)
(
xt, 0
)
+ 2zt,0
(
0, xt
)
+
t−1∑
i=1
{
2tzi,0
(
xi, 0
)
+ (zi,0 + z2t−i,0)
(
tx−i, xi + x−i
)
− (tzi,0 + wi,0 + w2t−i,0)
(
xi + x−i, 0
)}
− 4w0,1a0 +
t−1∑
i=1
(w0,1 + w2i,1)b2i + (z0,1 + z2,1 + 2w0,1)b2t
+ 4w2t−1,1a1 +
t−2∑
i=0
(w2i+1,1 − w2t−1,1)b2i+1 + (z1,1 − 2w2t−1,1)b2t+1
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+
t
2
−1∑
i=1
(z2i+2,1 + z2t−2i,1)b′2i +
t
2
−1∑
i=1
(z2i+1,1 + z2t+1−2i,1)b′2i−1 + zt+1,1b
′
t−1.
By Lemma 2 (iv), (v) and (vi), b′i (i = 1, 2, . . . , t − 1) are expressed by lin-
ear combinations of 4a1, b1, b2, . . . , b2t−2, b2t, b2t+1. Hence, δ
#
2 (λ1, λ2) is an
element of the right hand side of (2.4). On the other hand, in the above ex-
pression, it is easily seen that the coeﬃcients of 2(1,0), 2(0,1), 2(xt , 0), 2(0, xt),
2t(xi, 0), (tx−i, xi +x−i), (xi +x−i, 0), 4a0, 4a1, bj, b2t, b2t+1 for i = 1, 2, . . . , t−
1 and j = 1, 2, . . . , 2t − 2 are able to be any elements of Z by choosing
w0,0, z0,0, wt,0, zt,0, zi,0, z2t−i,0, wi,0, w0,1, w2t−1,1, wj,1, z0,1, z1,1 properly. Thus
(2.4) is proved. From (2.3) and (2.4), we have
Hn(Qt, ϕΛ) = Z(1, 0)/2⊕ Z(0, 1)/2 ⊕ Z(xt, 0)/2⊕ Z(0, xt)/2
⊕
t−1⊕
i=1
Z
(
xi, 0
)
/2t⊕ Z(y, y)/4⊕ Z(0, xy)/4
for n ≡ 2 mod 4 and t even.
(v) The case n ≡ 2 mod 4 and t odd: The calculations are similar to the case
t even. We calculate Hn(Qt, ϕΛ) = Ker δ
#
3 /Im δ
#
2 . First we show
Ker δ#3 = Z
(
t− 1
2
, 1
)
⊕ Z(t− 2, 2)⊕ Z
(
t− 1
2
xt, xt
)
⊕ Z((t− 2)xt, 2xt)
⊕
t−1⊕
i=1
Z
(
xi, 0
) ⊕ t−1⊕
i=1
Z
(
xi + x−i, 0
) ⊕ t−1⊕
i=0
Z
(
tx−i, xi + x−i
)
⊕
2t+1⊕
i=0
Zai. (2.5)
For λ1 =
2t−1∑
i=0
1∑
j=0
zi,jx
iyj and λ2 =
2t−1∑
i=0
1∑
j=0
wi,jx
iyj ∈ Λ (zi,j , wi,j ∈ Z), we
have
(λ1, λ2) ∈ Ker δ#3
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⇐⇒


wi,0 −w2t−i,0 = 0 (i = 1, 2, . . . , t− 1)

z0,1 − z2t−2,1 − w0,1 + w2,1 = 0
z2,1 − z2t−2,1 = 0
z2i,1 − z2t−2,1 −
i∑
j=2
w2j,1 +
i∑
j=2
w2t+2−2j,1 = 0
(i = 2, 3, . . . , t− 2)

z1,1 − z2t−1,1 = 0
z2i+1,1 − z2t−1,1 −
i∑
j=1
w2j+1,1 +
i∑
j=1
w2t+1−2j,1 = 0
(i = 1, 2, . . . , t− 2).
If this is the case, then we have
(λ1, λ2) = (2z0,0 − (t− 2)w0,0)
(
t− 1
2
, 1
)
+ (−z0,0 + w0,0(t− 1)/2) (t− 2, 2)
+ (2zt,0 − (t− 2)wt,0)
(
t− 1
2
xt, xt
)
+ (−zt,0 + wt,0(t− 1)/2)
(
(t− 2)xt, 2xt)
+
t−1∑
i=1
{
(zi,0 − z2t−i,0 + twi,0)
(
xi, 0
)
+(z2t−i,0 − twi,0)
(
xi + x−i, 0
)
+ wi,0
(
tx−i, xi + x−i
)}
+ w0,1a0 +
t−2∑
i=1
w2i+2,1a2i − z2t−2,1a2t−2 + w2,1a2t
+
t−1∑
i=0
w2i+1,1a2i+1 + z2t−1,1a2t+1.
Hence (λ1, λ2) is an element of the right hand side of (2.5). Conversely, δ
#
3
sends the Z-basis of the right hand side of (2.5) into 0. Hence the reverse
inclusion also holds. Thus (2.5) is proved. From (2.1) and (2.5), we get
Ker δ#3 = Z
(
t− 1
2
, 1
)
⊕ Z(t− 2, 2)⊕ Z
(
t− 1
2
xt, xt
)
⊕ Z((t− 2)xt, 2xt)
⊕
t−1⊕
i=1
Z
(
xi, 0
) ⊕ t−1⊕
i=1
Z
(
xi + x−i, 0
)⊕ t−1⊕
i=0
Z
(
tx−i, xi + x−i
)
⊕ Z(y, y)⊕ Z(0, xy)⊕
2t−2⊕
i=1
Zbi ⊕ Zb2t ⊕ Zb2t+1. (2.6)
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Next, we verify
Im δ#2 = 4Z
(
t− 1
2
, 1
)
⊕ Z(t− 2, 2)⊕ 4Z
(
t− 1
2
xt, xt
)
⊕ Z ((t− 2)xt, 2xt)
⊕
t−1⊕
i=1
2tZ
(
xi, 0
) ⊕ t−1⊕
i=1
Z
(
xi + x−i, 0
) ⊕ t−1⊕
i=0
Z
(
tx−i, xi + x−i
)
⊕ 4Z(y, y)⊕ 4Z(0, xy)⊕
2t−2⊕
i=1
Zbi ⊕ Zb2t ⊕ Zb2t+1. (2.7)
For λ1 =
2t−1∑
i=0
1∑
j=0
zi,jx
iyj and λ2 =
2t−1∑
i=0
1∑
j=0
wi,jx
iyj ∈ Λ (zi,j , wi,j ∈ Z), we
have
δ#2 (λ1, λ2) = 4 (z0,0 − w0,0)
(
t− 1
2
, 1
)
+ (2w0,0 − z0,0) (t− 2, 2)
+ 4 (zt,0 − wt,0)
(
t− 1
2
xt, xt
)
+ (2wt,0 − zt,0)
(
(t− 2)xt, 2xt)
+
t−1∑
i=1
{
2tzi,0
(
xi, 0
)
+ (zi,0 + z2t−i,0)
(
tx−i, xi + x−i
)
− (tzi,0 + wi,0 +w2t−i,0)
(
xi + x−i, 0
)}
− 4w0,1a0 +
t−1∑
i=1
(w0,1 +w2i,1)b2i + (z0,1 + z2,1 + 2w0,1)b2t
+ 4w2t−1,1a1 +
t−2∑
i=0
(w2i+1,1 − w2t−1,1)b2i+1
+ (z1,1 − 2w2t−1,1)b2t+1 +
t−3
2∑
i=1
(z2i+2,1 + z2t−2i,1)b′2i
+ zt+1,1b′t−1 +
t−1
2∑
i=1
(z2i+1,1 + z2t+1−2i,1)b′2i−1.
By Lemma 2 (iv), (v) and (vi), b′i (i = 1, 2, . . . , t− 1) are expressed by linear
combinations of 4a1, b1, b2, . . . , b2t−2, b2t, b2t+1. Hence, δ
#
2 (λ1, λ2) is an ele-
ment of the right hand side of (2.7). On the other hand, in the above expres-
sion, it is easily seen that coeﬃcients of 4((t− 1)/2,1), (t− 2, 2), 4((t− 1)xt/2,
xt), ((t − 2)xt, 2xt), 2t(xi, 0), (tx−i, xi + x−i), (xi + x−i, 0), 4a0, 4a1, bj , b2t,
b2t+1 for i = 1, 2, . . . , t− 1 and j = 1, 2, . . . , 2t− 2 are able to be any elements
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of Z by choosing w0,0, z0,0, wt,0, zt,0, zi,0, z2t−i,0, wi,0, w0,1, w2t−1,1, wj,1, z0,1, z1,1
properly. Thus (2.7) is proved. From (2.6) and (2.7), we have
Hn(Qt, ϕΛ) = Z
(
t− 1
2
, 1
)
/4⊕ Z
(
t− 1
2
xt, xt
)
/4⊕
t−1⊕
i=1
Z
(
xi, 0
)
/2t
⊕ Z(y, y)/4⊕ Z(0, xy)/4 for n ≡ 2 mod 4 and t odd.
(vi) The case n ≡ 3 mod 4: We already know Hn(Qt, ϕΛ) = 0 in Lemma 1.
This completes the proof of Proposition 1.
§3. Ring structure of H∗(Qt, ϕΛ)
We maintain the notation of Section 2: let Λ = ZQt, where
Qt = 〈x, y|x2t = 1, xt = y2, yxy−1 = x−1〉,
the generalized quaternion group of order 4t for any positive integer t  2.
In this section, we will determine the ring structure of H∗(Qt, ϕΛ) with the
product  given by the composition of the following maps as in Section 1:
Hp(Qt, ϕΛ)⊗Hq(Qt, ϕΛ) µ−−−→ Hp+q(Qt, ϕ (Λ⊗Λ Λ)) ∼−−−→ Hp+q(Qt, ϕΛ).
In Section 3.1, we will calculate the cup product for the generators ofH∗(Qt, ϕΛ)
for t even, and for t odd in Section 3.2. In Section 3.3, we give an explicit
description of the cohomology ring H∗(Qt, ϕΛ) summarizing the calculations
in Sections 3.1 and 3.2.
To compute the cup product, we use a diagonal approximation ∆Y on the
periodic resolution (Y, δ) of period 4. A construction of (∆Y )p,q follows from
[HaSa, Sections 1 and 2]; let (X,d) be the standard resolution of Qt and ∆p,q
a diagonal approximation on (X,d). We deﬁne (∆Y )p,q on (Y, δ) by
(∆Y )p,q := up ⊗ uq ·∆p,q · vp+q, (3.1)
where ui denotes a chain transformation Xi → Yi and vj denotes a chain
transformation Yj → Xj . Then it is easy to see that the following equations
hold:
(∆Y )p,q δp+q+1 = (δp+1 ⊗ 1q) (∆Y )p+1,q + (−1)p (1p ⊗ δq+1) (∆Y )p,q+1 ,
(ε⊗ ε) (∆Y )0,0 = ε.
Therefore (∆Y )p,q is a diagonal approximation on (Y, δ). Next we calculate
(∆Y )0,2 and (∆Y )2,2 using ∆p,q and the explicit formulas of ui and vj which
are given in [HaSa, Propositions 1 and 2].
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Lemma 3. The above (∆Y )p,q satisﬁes the following equations for p = 0, 2
and q = 2:
(∆Y )0,2 (1, 0) = 1⊗ (1, 0), (∆Y )0,2 (0, 1) = 1⊗ (0, 1);
(∆Y )2,2 (1) = −
(
1− xty, Lxy)⊗ (−1, 0) + (1− xty, Lxy)⊗ x−1y(−1, 0)
−
2t−1∑
i=0
xi−1(0, 1)⊗ xi−1y(−1, 0)− (1− xty, Lxy)⊗ y(0, 1)
−
2t−1∑
i=0
xi−1(−1, 1)⊗ xi+t−1(0, 1)
−
2t−1∑
i=t+1
(
1− xty, Lxy)⊗ xi+t−1(0, 1).
Proof. In the case p = 0 and q = 2, we have the following:
(∆Y )0,2 (1, 0) = u0 ⊗ u2 ·∆0,2 · v2(1, 0)
= u0 ⊗ u2 ·∆0,2
(
t−1∑
i=1
[xi|x]− [y|y]
)
= u0 ⊗ u2
(
t−1∑
i=1
[·]⊗ [xi|x]− [·]⊗ [y|y]
)
= 1⊗ (1, 0),
(∆Y )0,2 (0, 1) = u0 ⊗ u2 ·∆0,2 · v2(0, 1)
= u0 ⊗ u2 ([·]⊗ [x|y] + [·]⊗ [xy|x])
= 1⊗ (0, 1).
In the above, σ0[·] denotes σ0 ∈ X0 and σ0[σ1|σ2] denotes σ0 ⊗ σ1 ⊗ σ2 ∈ X2
for σi ∈ Qt. In the case p = q = 2, the explicit formula of (∆Y )2,2 is given in
[HaSa, Section 4]. Thus the proof is complete.
3.1. The case t even.
In this subsection, we consider the case t even. First of all, we calculate
the products of the generators of H0(Qt, ϕΛ). By Proposition 1, we take the
generators as follows:
A0 = 1, B0 = xt,
(Ci)0 = x
i + x−i (i = 1, 2, . . . , t− 1),
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D0 = My, E0 = Mxy.
Note that A0 is the identity element of the cohomology ring H∗(Qt, ϕΛ).
Proposition 2. The following equations hold in H0(Qt, ϕΛ) for the genera-
tors A0, B0, (Ci)0 (i = 1, 2, . . . , t− 1),D0, E0 of H0(Qt, ϕΛ):
B0
2 = A0, B0(Ci)0 = (Ct−i)0, B0D0 = D0, B0E0 = E0,
(Ci)0D0 =
{
2D0 (i even)
2E0 (i odd),
(Ci)0E0 =
{
2E0 (i even)
2D0 (i odd),
D0
2 = E02 = tA0 + tB0 + t
t
2
−1∑
l=1
(C2l)0, D0E0 = t
t
2
−1∑
l=0
(C2l+1)0,
(Ci)0(Cj)0 = Ui+j + Ui−j ,
where Uk =


(C−k)0 (−t < k < 0)
2A0 (k = 0)
(Ck)0 (0 < k < t)
2B0 (k = t)
(C2t−k)0 (t < k < 2t).
Proof. Note that the relations of degree 0 correspond to the multiplication in
ZΛ. So we obtain, for example,
B0(Ci)0 = xt
(
xi + x−i
)
= x−t+i + xt−i = (Ct−i)0 (i = 1, 2, . . . , t− 1).
The other calculations are done similarly.
By Proposition 1, we take the generators of H2(Qt, ϕΛ) as follows:
(Aα)2 = (1, 0), (Aβ)2 = (0, 1),
(Bα)2 = (x
t, 0), (Bβ)2 = (0, x
t),
(Ci)2 =
(
xi, 0
)
(i = 1, 2, . . . , t− 1),
D2 = (y, y), E2 = (0, xy).
Next, we compute the cup product in degree 2. The following Lemma 4 is
useful for the calculation.
Lemma 4. For i = 1, 2, . . . , t − 1, the following particular equations hold in
H2(Qt, ϕΛ):
(i)
(
xt+i, 0
)
= − (Ct−i)2 ,
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(ii)
(
0, xi + x−i
)
= t (Ci)2 ,
(iii)
(
xty, xty
)
= −D2,
(iv)
(
0, xt+1y
)
= −E2,
(v)
(
Mxjy, 0
)
=
{
2D2 (j even)
2E2 (j odd),
(vi)
(
(xi + x−i)y, (xi + x−i)y
)
=
{
2D2 (i even)
2E2 (i odd),
(vii)
(
0,Mxjy
)
=
{
tD2 (j even)
(2− t)E2 (j odd),
(viii)
(
0, (xi + x−i)xy
)
=
{
2E2 (i even)
2D2 (i odd).
Proof. In this proof, we use the notation introduced in Section 2.1.
(i), (ii): By (2.4),
(
xk + x−k, 0
)
=
(
tx−k, xk + x−k
)
= 0 hold in H2(Qt, ϕΛ)
for k = 1, 2, . . . , t− 1. Hence the following equations hold in H2(Qt, ϕΛ):(
xt+i, 0
)
=
(
xt−i + xi−t, 0
) − (xt−i, 0) = − (Ct−i)2 ,(
0, xi + x−i
)
= t(xi, 0)− t (xi + x−i, 0)+ (tx−i, xi + x−i) = t (Ci)2 .
(iii), (iv) and (v): By Lemma 2 (i), (ii) and (2.4), the following equations hold
in H2(Qt, ϕΛ):
(
xty, xty
)
= at−2 = −a0 +
t
2
−1∑
k=1
b2k + b2t = −(y, y) = −D2,
(
0, xt+1y
)
= at+1 = −a1 +
t
2
−1∑
k=0
b2k+1 + b2t+1 = −(0, xy) = −E2,
(My, 0) = −a2t−2 = 2a0 −
t−1∑
k=1
b2k − b2t = 2(y, y) = 2D2,
(Mxy, 0) = a2t+1 = −2a1 + b2t+1 = 2(0, xy) = 2E2.
(vi), (vii) and (viii): Note that the following equations hold:
(
(xi + x−i)y, (xi + x−i)y
)
=


2a1 − b2t−1 (i = 1)
a2t−2 − b2t−2 + b2t (i = 2)
2a1 − b2t−i − b2t+1 + b′i−2 (i odd, i  3)
a2t−2 − b2t−i + b′i−2 (i even, i  4),
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(0,My) = (t/2)a2t−2 + b2t +
t
2
−1∑
k=1
b′2k,
(0,Mxy) = a1 + at+1 + (1− t/2)a2t+1 +
t
2
−1∑
k=1
b′2k−1,
(
0, (xi + x−i)xy
)
=


a2t−2 + b2t (i = 1)
2a1 − b2t+1 + b′i−1 (i even)
a2t−2 + b′i−1 (i odd, i  3).
By Lemma 2 (iv), (v) and (vi), b′i (i = 1, 2, . . . , t− 1) are expressed by linear
combinations of 4a1, b1, b2, . . . , b2t−2, b2t, b2t+1. Applying (2.4), (iv) and (v) of
this lemma to the above equations, we have the results. This completes the
proof.
Proposition 3. The following equations hold in H2(Qt, ϕΛ) for the genera-
tors A0, B0, (Ci)0 (i = 1, 2, . . . , t−1),D0, E0 of H0(Qt, ϕΛ) and the generators
(Aα)2 , (Aβ)2 , (Bα)2 , (Bβ)2 , (Ci)2 (i = 1, 2, . . . , t− 1),D2, E2 of H2(Qt, ϕΛ):
(i) 2 (Aα)2 = 2 (Aβ)2 = 2 (Bα)2 = 2 (Bβ)2 = 2t(Ci)2 = 4D2 = 4E2 = 0.
(ii) B0 (Aα)2 = (Bα)2 , B0 (Aβ)2 = (Bβ)2 , B0 (Bα)2 = (Aα)2 ,
B0 (Bβ)2 = (Aβ)2 , B0(Ci)2 = −(Ct−i)2, B0D2 = −D2, B0E2 = −E2.
(iii) (Ci)0 (Aα)2 = (Ci)0 (Bα)2 = 0, (Ci)0 (Aβ)2 = t(Ci)2,
(Ci)0 (Bβ)2 = t(Ct−i)2,
(Ci)0D2 =
{
2D2 (i even)
2E2 (i odd),
(Ci)0E2 =
{
2E2 (i even)
2D2 (i odd),
(Ci)0(Cj)2 = Vi+j + Vj−i,
where Vk =


−(C−k)2 (−t < k < 0)
(Aα)2 (k = 0)
(Ck)2 (0 < k < t)
(Bα)2 (k = t)
−(C2t−k)2 (t < k < 2t).
(iv) D0 (Aα)2 = D0 (Bα)2 = 2D2,
D0 (Aβ)2 = D0 (Bβ)2 =
{
0 (t ≡ 0 mod 4)
2D2 (t ≡ 2 mod 4),
D0(Ci)2 =
{
2D2 (i even)
2E2 (i odd),
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D0D2 = (Aα)2 + (Aβ)2 + (Bα)2 + (Bβ)2 + t
t
2
−1∑
l=1
(C2l)2,
D0E2 = t
t
2
−1∑
l=0
(C2l+1)2.
(v) E0 (Aα)2 = E0 (Bα)2 = 2E2,
E0 (Aβ)2 = E0 (Bβ)2 =
{
2E2 (t ≡ 0 mod 4)
0 (t ≡ 2 mod 4),
E0(Ci)2 =
{
2E2 (i even)
2D2 (i odd),
E0D2 = t
t
2
−1∑
l=0
(C2l+1)2,
E0E2 = (Aβ)2 + (Bβ)2 + t
t
2
−1∑
l=1
(C2l)2.
Proof. See Proposition 1 for (i). The other relations in degree 2 are obtained
by means of the following homomorphisms:
Λ⊗ Λ2 α
−1
0 ⊗α−12−−−−−−−→ HomΛ(Y0, ϕΛ)⊗HomΛ(Y2, ϕΛ)
(∆Y )
#
0,2−−−−−−−→ HomΛ (Y2, ϕΛ⊗ ϕΛ)
Hom(idY2 ,µ)−−−−−−−→ HomΛ (Y2, ϕΛ)
α2−−−−−−−→ Λ2,
where α2 denotes the isomorphism HomΛ (Y2, ϕΛ)
∼−→ Λ2 stated in Section 2,
and so on. Let S0 denote any generator s0 of H0(Qt, ϕΛ) as a Z-module and
S2 denote any generator (s2, s′2) of H2(Qt, ϕΛ) as a Z-module. Since
(
α−10 (S0)⊗ α−12 (S2)
) (
(∆Y )0,2 (1, 0)
)
= s0 ⊗ s2,(
α−10 (S0)⊗ α−12 (S2)
) (
(∆Y )0,2 (0, 1)
)
= s0 ⊗ s′2,
it follows S0S2 = (s0s2, s0s′2) holds in H
2(Qt, ϕΛ).
(ii) The products of B0 and the generators of H2(Qt, ϕΛ): By the above, we
have the following:
B0 (Aα)2 = (x
t, 0) = (Bα)2 ,
B0 (Aβ)2 = (0, x
t) = (Bβ)2 ,
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B0 (Bα)2 = (1, 0) = (Aα)2 ,
B0 (Bβ)2 = (0, 1) = (Aβ)2 ,
B0 (Ci)2 =
(
xt+i, 0
)
= − (Ct−i)2 (by Lemma 4 (i)),
B0D2 = (xty, xty) = −D2 (by Lemma 4 (iii)),
B0E2 = (0, xt+1y) = −E2 (by Lemma 4 (iv)).
(iii) The products of (Ci)0 and the generators of H
2(Qt, ϕΛ): By the similar
calculation as above, we have the following:
(Ci)0 (Aα)2 = (Ci)0 (Bα)2 = 0 (by (2.4)),
(Ci)0 (Aβ)2 = (0, x
i + x−i) = t (Ci)2 (by Lemma 4 (ii)),
(Ci)0 (Bβ)2 = (0, x
t−i + x−t+i) = t (Ct−i)2 (by Lemma 4 (ii)),
(Ci)0 D2 =
(
(xi + x−i)y, (xi + x−i)y
)
=
{
2D2 (i even)
2E2 (i odd)
(by Lemma 4 (iv)),
(Ci)0 E2 =
(
0, (xi + x−i)xy
)
=
{
2E2 (i even)
2D2 (i odd)
(by Lemma 4 (iv)).
Note that the following equation holds in H2(Qt, ϕΛ) using Lemma 4 (i):
(xk, 0) =


(Aα)2 (k = 0)
(Ck)2 (0 < k < t)
(Bα)2 (k = t)
−(C2t−k)2 (t < k < 2t).
Checking all cases for i+ j and j− i, we have (Ci)0 (Cj)2 = (xi+j + xj−i, 0) =
Vi+j + Vj−i.
(iv) The products of D0 and the generators of H2(Qt, ϕΛ): Similarly we have
the following:
D0 (Aα)2 = D0 (Bα)2 = (My, 0) = 2D2 (by Lemma 4 (v)),
D0 (Aβ)2 = D0 (Bβ)2 = (0,My) =
{
0 (t ≡ 0 mod 4)
2D2 (t ≡ 2 mod 4)
(by Lemma 4 (vii)),
D0 (Ci)2 = (Mx
−iy, 0) =
{
2D2 (i even)
2E2 (i odd)
(by Lemma 4 (v)),
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D0D2 = (M,M) = (Aα)2 + (Aβ)2 + (Bα)2 + (Bβ)2 + t
t
2
−1∑
l=1
(C2l)2
(by (2.4) and Lemma 4 (ii)),
D0E2 = (0,Mx) = t
t
2
−1∑
l=0
(C2l+1)2 (by Lemma 4 (ii)).
(v) The products of E0 and the generators of H2(Qt, ϕΛ): Similarly we have
the following:
E0 (Aα)2 = E0 (Bα)2 = (Mxy, 0) = 2E2,
E0 (Aβ)2 = E0 (Bβ)2 = (0,Mxy) =
{
2E2 (t ≡ 0 mod 4)
0 (t ≡ 2 mod 4),
E0 (Ci)2 = (Mx
1−iy, 0) =
{
2E2 (i even)
2D2 (i odd),
E0D2 = (Mx,Mx) = t
t
2
−1∑
l=0
(C2l+1)2,
E0E2 = (0,M) = (Aβ)2 + (Bβ)2 + t
t
2
−1∑
l=1
(C2l)2.
This completes the proof of Proposition 3.
Remark 1. Since Z is a Qt-direct summand of Λ = ZQt using the embedding
map Z → Λ by 1 → 1, we have the following monomorphism of the complete
cohomology rings:
Hˆ∗(Qt,Z) :=
⊕
r∈
Hˆr(Qt,Z) → Hˆ∗(Qt, ϕΛ) :=
⊕
r∈
Hˆr(Qt, ϕΛ).
Now we put A4 = 1 which is a generator of H4(Qt, ϕΛ). By the above map,
A4 is the image of an invertible element of order 4t in H4(Qt,Z). Hence A4
is also an invertible element in Hˆ∗(Qt, ϕΛ). The cup product with A4 gives a
periodicity isomorphism
A4  − : Hr(Qt, ϕΛ) ∼−→ Hr+4(Qt, ϕΛ)
for all r ≥ 0. See also [Sa1, Section 3.1].
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In particular, if we put r = 0, we have the following proposition:
Proposition 4. The generators of H4(Qt, ϕΛ) are expressed by the product of
A4 and the generators A0, B0, (Ci)0 (i = 1, 2, . . . , t−1),D0, E0 of H0(Qt, ϕΛ),
that is, the following equations hold in H4(Qt, ϕΛ):
xt = A4B0, xi + x−i = A4 (Ci)0 (i = 1, 2, . . . , t− 1),
My = A4D0, Mxy = A4E0.
Proof. We use the notation introduced in the beginning of this section; let
(X,d) be the standard resolution of Qt and ∆p,q a diagonal approximation
on (X,d). We denote cocycles representing generators of H4(Qt, ϕΛ) and
H0(Qt, ϕΛ) by f ∈ HomΛ(X4, ϕΛ) and g ∈ HomΛ(X0, ϕΛ), respectively. Then
we have
(f  g)(σ0[σ1| . . . |σ4]) = f(σ0[σ1| . . . |σ4])g([·]). (3.2)
In the above, σ0[·] denotes σ0 ∈ X0 and σ0[σ1| . . . |σ4] denotes σ0⊗σ1⊗· · ·⊗σ4 ∈
X4 for σi ∈ Qt. The product of A4 and S0 which is any generator of H0(Qt, ϕΛ)
are obtained by the following maps:
Λ⊗ Λ α
−1
4 ⊗α−10−−−−−−−→ HomΛ(Y4, ϕΛ)⊗HomΛ(Y0, ϕΛ)
(∆Y )
#
4,0−−−−−−−→ HomΛ (Y4, ϕΛ⊗ ϕΛ)
Hom(idY4 ,µ)−−−−−−−→ HomΛ (Y4, ϕΛ)
α4−−−−−−−→ Λ,
where α4 denotes the isomorphism HomΛ (Y4, ϕΛ)
∼−→ Λ stated in Section 2,
and so on. From (3.1) and (3.2), we have
α4·Hom(idY4 , µ) · (∆Y )#4,0 · α−14 ⊗ α−10 (A4 ⊗ S0)
=
(
α−14 (A4) · u4 · v4(1)
) (
α−10 (S0) · u0([·])
)
,
where ui and vj denote the chain transformations Xi → Yi and Yj → Xj ,
respectively. Since u0 is the identity map on Λ (see [HaSa, Proposition 2])
and u4 · v4 induces the identity map on H4(Qt, ϕΛ), the product of A4 and S0
corresponds to the multiplication in Λ. This completes the proof.
Finally, we compute the relations in degree 4. These are also obtained by
the method similar to the propositions above.
Proposition 5. The following equations hold in H4(Qt, ϕΛ) for the genera-
tors (Aα)2 , (Aβ)2 , (Bα)2 , (Bβ)2 , (Ci)2 (i = 1, 2, . . . , t−1),D2, E2 of H2(Qt, ϕΛ):
(i) 4tA4 = 4tA4B0 = 2tA4(Ci)0 = 4A4D0 = 4A4E0 = 0.
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(ii) (Aα)2
2 = (Aα)2 (Bα)2 = (Aα)2 (Ci)2 = 0,
(Aα)2 (Aβ)2 = 2tA4, (Aα)2 (Bβ)2 = 2tA4B0,
(Aα)2D2 = 2A4D0, (Aα)2 E2 = 2A4E0.
(iii) (Bα)2 (Aβ)2 = 2tA4B0, (Bα)2 (Bβ)2 = 2tA4,
(Bα)2
2 = (Bα)2 (Ci)2 = 0,
(Bα)2 D2 = 2A4D0, (Bα)2E2 = 2A4E0.
(iv) (Aβ)2
2 =
{
2tA4 (t ≡ 0 mod 4)
0 (t ≡ 2 mod 4),
(Aβ)2 (Bβ)2 =
{
2tA4B0 (t ≡ 0 mod 4)
0 (t ≡ 2 mod 4),
(Aβ)2 (Ci)2 = tA4 (Ci)0 ,
(Aβ)2 D2 =
{
0 (t ≡ 0 mod 4)
2A4D0 (t ≡ 2 mod 4),
(Aβ)2 E2 =
{
2A4E0 (t ≡ 0 mod 4)
0 (t ≡ 2 mod 4).
(v) (Bβ)2
2 =
{
2tA4 (t ≡ 0 mod 4)
0 (t ≡ 2 mod 4),
(Bβ)2 (Ci)2 = tA4 (Ct−i)0 ,
(Bβ)2 D2 =
{
0 (t ≡ 0 mod 4)
2A4D0 (t ≡ 2 mod 4),
(Bβ)2 E2 =
{
2A4E0 (t ≡ 0 mod 4)
0 (t ≡ 2 mod 4).
(vi) (Ci)2D2 =
{
2A4D0 (i even)
2A4E0 (i odd),
(Ci)2E2 =
{
2A4E0 (i even)
2A4D0 (i odd),
(Ci)2(Cj)2 = A4(Ui+j − Ui−j),
where Uk =


(C−k)0 (−t < k < 0)
2A0 (k = 0)
(Ck)0 (0 < k < t)
2B0 (k = t)
(C2t−k)0 (t < k < 2t).
HOCHSCHILD COHOMOLOGY OF QUATERNION GROUP 109
(vii) D22 = −tA4 + tA4B0 + t
t
2
−1∑
l=1
A4(C2l)0,
D2E2 = t
t
2
−1∑
l=0
A4(C2l+1)0.
(viii) E22 = −tA4 + tA4B0 + t
t
2
−1∑
l=1
A4(C2l)0.
Proof. See Propositions 1 and 4 for (i). The other relations in degree 4 are
obtained by means of the following homomorphisms:
Λ2 ⊗ Λ2 α
−1
2 ⊗α−12−−−−−−−→ HomΛ(Y2, ϕΛ)⊗HomΛ(Y2, ϕΛ)
(∆Y )
#
2,2−−−−−−−→ HomΛ (Y4, ϕΛ⊗ ϕΛ)
Hom(idY4 ,µ)−−−−−−−→ HomΛ (Y4, ϕΛ)
α4−−−−−−−→ Λ,
where α2 denotes the isomorphism HomΛ (Y2, ϕΛ)
∼−→ Λ2 stated in Section 2,
and so on. In this proof below, we use the notation → for the elementwise
map by the natural map
Λ⊗ Λ  HomΛ(Y4, ϕΛ⊗ ϕΛ)
Hom(idY4 ,µ)−−−−−−−−→ HomΛ(Y4, ϕΛ)  Λ.
(ii) The products of (Aα)2 and the generators of H
2(Qt, ϕΛ): Using Lemma 3
and the above maps, we have the following:(
α−12 ((Aα)2)⊗ α−12 ((Aα)2)
) (
(∆Y )2,2 (1)
)
= 0 → 0,
(
α−12 ((Aα)2)⊗ α−12 ((Aβ)2)
) (
(∆Y )2,2 (1)
)
=
2t−1∑
k=0
1⊗ 1 → 2t,
(
α−12 ((Aα)2)⊗ α−12 ((Ci)2)
) (
(∆Y )2,2 (1)
)
= 0 → 0,
(
α−12 ((Aα)2)⊗ α−12 (D2)
) (
(∆Y )2,2 (1)
)
=
2t−1∑
k=0
1⊗ x2k−2y → 2My,
(
α−12 ((Aα)2)⊗ α−12 (E2)
) (
(∆Y )2,2 (1)
)
=
2t−1∑
k=0
1⊗ x2k−1y → 2Mxy.
By Proposition 3, note that (Bα)2 = B0 (Aα)2 and (Bβ)2 = B0 (Aβ)2 hold.
Hence we have (Aα)2
2 = (Aα)2 (Bα)2 = (Aα)2 (Ci)2 = 0, (Aα)2 (Aβ)2 =
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2tA4, (Aα)2 (Bβ)2 = 2tA4B0, (Aα)2D2 = 2A4D0, (Aα)2 E2 = 2A4E0.
(iii) The products of (Bα)2 and the generators of H
2(Qt, ϕΛ): Using (ii) above
and Propositions 2 and 3, we have the following:
(Bα)2 (Aβ)2 = B0 (Aα)2 (Aβ)2 = 2tA4B0,
(Bα)2
2 = B0 (Aα)2 (Bα)2 = 0,
(Bα)2 (Bβ)2 = B0
2 (Aα)2 (Aβ)2 = 2tA4,
(Bα)2 (Aβ)2 = B0 (Aα)2 (Ci)2 = 0,
(Bα)2 D2 = 2B0 (Aα)2D2 = 2A4D0,
(Bα)2 E2 = 2B0 (Aα)2E2 = 2A4E0.
(iv) The products of (Aβ)2 and the generators of H
2(Qt, ϕΛ): Similarly the
calculations are given as follows:
(
α−12 ((Aβ)2)⊗ α−12 ((Aβ)2)
) (
(∆Y )2,2 (1)
)
= −t⊗ 1−
2t−1∑
k=0
1⊗ 1−
2t−1∑
k=t+1
t⊗ 1
→ −(t2 + 2t),(
α−12 ((Aβ)2)⊗ α−12 ((Ci)2)
) (
(∆Y )2,2 (1)
)
= t⊗ xi − t⊗ x−i +
2t−1∑
k=0
1⊗ x−i
→ t(xi + x−i),(
α−12 ((Aβ)2)⊗ α−12 (D2)
) (
(∆Y )2,2 (1)
)
= −t⊗ x−2y −
2t−1∑
k=t+1
t⊗ x2k−2y
→ −tMy,(
α−12 ((Aβ)2)⊗ α−12 (E2)
) (
(∆Y )2,2 (1)
)
= −t⊗ x−1y −
2t−1∑
k=0
1⊗ x2k−1y −
2t−1∑
k=t+1
t⊗ x2k−1y
→ −(t + 2)Mxy.
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Hence we have the following:
(Aβ)2
2 =
{
2tA4 (t ≡ 0 mod 4)
0 (t ≡ 2 mod 4),
(Aβ)2 (Bβ)2 = B0(Aβ)2
2 =
{
2tA4B0 (t ≡ 0 mod 4)
0 (t ≡ 2 mod 4),
(Aβ)2 (Ci)2 = tA4 (Ci)0 ,
(Aβ)2D2 =
{
0 (t ≡ 0 mod 4)
2A4D0 (t ≡ 2 mod 4),
(Aβ)2 E2 =
{
2A4E0 (t ≡ 0 mod 4)
0 (t ≡ 2 mod 4).
(v) The products of (Bβ)2 and the generators of H
2(Qt, ϕΛ): By (iv) above
and Propositions 2 and 3, we have the following:
(Bβ)2
2 = B02(Aβ)2
2 =
{
2tA4 (t ≡ 0 mod 4)
0 (t ≡ 2 mod 4),
(Bβ)2 (Ci)2 = B0 (Aβ)2 (Ci)2 = tA4 (Ct−i)0 ,
(Bβ)2 D2 = B0 (Aβ)2 D2 =
{
0 (t ≡ 0 mod 4)
2A4D0 (t ≡ 2 mod 4),
(Bβ)2 E2 = B0 (Aβ)2 E2 =
{
2A4E0 (t ≡ 0 mod 4)
0 (t ≡ 2 mod 4).
(vi) The products of (Ci)2 and the generators of H
2(Qt, ϕΛ): Since
(
α−12 ((Ci)2)⊗ α−12 ((Cj)2)
) (
(∆Y )2,2 (1)
)
= (xi − x−i)⊗ xj − (xi − x−i)⊗ x−j
→ (xi+j + x−(i+j))− (xi−j + xj−i),(
α−12 ((Ci)2)⊗ α−12 (D2)
) (
(∆Y )2,2 (1)
)
= −(xi − x−i)⊗ x−2y +
2t−1∑
k=0
xi ⊗ x2k−2y −
2t−1∑
k=t+1
(xi − x−i)⊗ x2k−2y
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→ (xi + x−i)My,(
α−12 ((Ci)2)⊗ α−12 (E2)
) (
(∆Y )2,2 (1)
)
= −(xi − x−i)⊗ x−1y +
2t−1∑
k=0
xi ⊗ x2k−1y −
2t−1∑
k=t+1
(xi − x−i)⊗ x2k−1y
→ (xi + x−i)Mxy,
we have the following:
(Ci)2(Cj)2 = A4(Ui+j − Ui−j),
(Ci)2D2 =
{
2A4D0 (i even)
2A4E0 (i odd),
(Ci)2E2 =
{
2A4E0 (i even)
2A4D0 (i odd).
(vii) The products of D2 and the generators of H2(Qt, ϕΛ): Since(
α−12 (D2)⊗ α−12 (D2)
) (
(∆Y )2,2 (1)
)
= −My ⊗ x−2y +
2t−1∑
k=0
x2k−2y ⊗ x2k−2y −
2t−1∑
k=t+1
My ⊗ x2k−2y
→ 2txt − tM,(
α−12 (D2)⊗ α−12 (E2)
) (
(∆Y )2,2 (1)
)
= −My ⊗ x−1y −
2t−1∑
k=t+1
My ⊗ x2k−1y
→ −tMx,
we have D22 = −tA4 + tA4B0 + t
t
2
−1∑
l=1
A4(C2l)0 and D2E2 = t
t
2
−1∑
l=0
A4(C2l+1)0.
(viii) The products of E2 and the generators of H2(Qt, ϕΛ): Since(
α−12 (E2)⊗ α−12 (E2)
) (
(∆Y )2,2 (1)
)
= −Mxy ⊗ x−1y −
2t−1∑
k=0
x2k−1y ⊗ x2k−1y −
2t−1∑
k=t+1
Mxy ⊗ x2k−1y
→ −tM − 2txt,
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we have E22 = −tA4 + tA4B0 + t
t
2
−1∑
l=1
A4(C2l)0. This completes the proof of
Proposition 5.
3.2. The case t odd.
In this subsection, we consider the case t odd. The calculation of the multi-
plicative structure is similar to Section 3.1.
First of all, we calculate the products of the generators of H0(Qt, ϕΛ). By
Proposition 1, we take the generators as follows:
A0 = 1, B0 = xt,
(Ci)0 = x
i + x−i (i = 1, 2, . . . , t− 1),
D0 = My, E0 = Mxy.
Note that A0 is the identity element of the cohomology ring H∗(Qt, ϕΛ).
Proposition 6. The following equations hold in H0(Qt, ϕΛ) for the genera-
tors A0, B0, (Ci)0 (i = 1, 2, . . . , t− 1),D0, E0 of H0(Qt, ϕΛ):
B0
2 = A0, B0(Ci)0 = (Ct−i)0, B0D0 = E0, B0E0 = D0,
(Ci)0D0 =
{
2D0 (i even)
2E0 (i odd),
(Ci)0E0 =
{
2E0 (i even)
2D0 (i odd),
D0
2 = E02 = tB0 + t
t−1
2∑
l=1
(C2l−1)0, D0E0 = tA0 + t
t−1
2∑
l=1
(C2l)0,
(Ci)0(Cj)0 = Ui+j + Ui−j ,
where Uk =


(C−k)0 (−t < k < 0)
2A0 (k = 0)
(Ck)0 (0 < k < t)
2B0 (k = t)
(C2t−k)0 (t < k < 2t).
Proof. Straightforward. (cf. Proposition 2.)
Next, we compute the relations in degree 2. By Proposition 1, we take the
generators of H2(Qt, ϕΛ) as follows:
A2 =
(
t− 1
2
, 1
)
, B2 =
(
t− 1
2
xt, xt
)
,
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(Ci)2 =
(
xi, 0
)
(i = 1, 2, . . . , t− 1),
D2 = (y, y), E2 = (0, xy).
The following Lemma 5 is useful for the proof of Proposition 7:
Lemma 5. For i = 1, 2, . . . , t − 1, the following particular equations hold in
H2(Qt, ϕΛ):
(i) (1, 0) = 2A2, (xt, 0) = 2B2,
(ii) (0, 1) = (2− t)A2, (0, xt) = (2− t)B2,
(iii)
(
xt+i, 0
)
= − (Ct−i)2 ,
(iv)
(
0, xi + x−i
)
= t (Ci)2 ,
(v)
(
xty, xty
)
= −E2,
(vi)
(
Mxjy, 0
)
=
{
2D2 (j even)
2E2 (j odd),
(vii)
(
(xi + x−i)y, (xi + x−i)y
)
=
{
2D2 (i even)
2E2 (i odd),
(viii) (0,My) = −tD2.
Proof. In this proof, we use the notation introduced in Section 2.1. The proof
is similar to Lemma 4.
(i), (ii): These are immediate from (2.7).
(iii), (iv): By (2.7), the following equations hold in H2(Qt, ϕΛ):
(
xt+i, 0
)
=
(
xt−i + xi−t, 0
) − (xt−i, 0) = − (Ct−i)2 ,(
0, xi + x−i
)
= t(xi, 0)− t (xi + x−i, 0)+ (tx−i, xi + x−i) = t (Ci)2 .
(v), (vi): By Lemma 2 (i), (ii) and (2.7), the following equations hold in
H2(Qt, ϕΛ):
(
xty, xty
)
= at = −a1 +
t−3
2∑
k=0
b2k+1 + b2t+1 = −E2,
(My, 0) = −a2t−2 = 2a0 −
t−1∑
k=1
b2k − b2t = 2D2,
(Mxy, 0) = a2t+1 = −2a1 + b2t+1 = 2E2.
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(vii), (viii): Note that the following equations hold:
(
(xi + x−i)y, (xi + x−i)y
)
=


2a1 − b2t−1 (i = 1)
a2t−2 − b2t−2 + b2t (i = 2)
2a1 − b2t−i − b2t+1 + b′i−2 (i odd, i  3)
a2t−2 − b2t−i + b′i−2 (i even, i  4),
(0,My) = at−1 + ((t− 1)/2)a2t−2 + b2t +
t−3
2∑
k=1
b′2k.
By Lemma 2 (iv), (v) and (vi), b′i (i = 1, 2, . . . , t− 1) are expressed by linear
combinations of 4a1, b1, b2, . . . , b2t−2, b2t, b2t+1. Applying Lemma 2 (i), (2.7)
and (vi) of this lemma to the above equations, we have the results. This
completes the proof.
Proposition 7. The following equations hold in H2(Qt, ϕΛ) for the genera-
tors A0, B0, (Ci)0 (i = 1, 2, . . . , t−1),D0, E0 of H0(Qt, ϕΛ) and the generators
A2, B2, (Ci)2 (i = 1, 2, . . . , t− 1),D2, E2 of H2(Qt, ϕΛ):
(i) 4A2 = 4B2 = 2t(Ci)2 = 4D2 = 4E2 = 0.
(ii) B0A2 = B2, B0B2 = A2, B0(Ci)2 = −(Ct−i)2,
B0D2 = −E2, B0E2 = −D2.
(iii) (Ci)0A2 = t(Ci)2, (Ci)0B2 = t(Ct−i)2,
(Ci)0D2 =
{
2D2 (i even)
2E2 (i odd),
(Ci)0E2 =
{
2E2 (i even)
2D2 (i odd),
(Ci)0(Cj)2 = Vi+j + Vj−i,
where Vk =


−(C−k)2 (−t < k < 0)
2A2 (k = 0)
(Ck)2 (0 < k < t)
2B2 (k = t)
−(C2t−k)2 (t < k < 2t).
(iv) D0A2 = −D2, D0B2 = E2, D0(Ci)2 =
{
2D2 (i even)
2E2 (i odd),
D0D2 =


−B2 + t
t−1
2∑
l=1
(C2l−1)2 (t ≡ 1 mod 4)
B2 + t
t−1
2∑
l=1
(C2l−1)2 (t ≡ 3 mod 4),
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D0E2 =


A2 + t
t−1
2∑
l=1
(C2l)2 (t ≡ 1 mod 4)
−A2 + t
t−1
2∑
l=1
(C2l)2 (t ≡ 3 mod 4).
(v) E0A2 = E2, E0B2 = −D2, E0(Ci)2 =
{
2E2 (i even)
2D2 (i odd),
E0D2 =


−A2 + t
t−1
2∑
l=1
(C2l)2 (t ≡ 1 mod 4)
A2 + t
t−1
2∑
l=1
(C2l)2 (t ≡ 3 mod 4),
E0E2 =


B2 + t
t−1
2∑
l=1
(C2l−1)2 (t ≡ 1 mod 4)
−B2 + t
t−1
2∑
l=1
(C2l−1)2 (t ≡ 3 mod 4).
Proof. See Proposition 1 for (i). The other calculations are similar to Propo-
sition 3.
(ii) The products of B0 and the generators of H2(Qt, ϕΛ): By similar calcula-
tions to Proposition 3, we have the following:
B0A2 =
(
t− 1
2
xt, xt
)
= B2,
B0B2 =
(
t− 1
2
, 1
)
= A2,
B0 (Ci)2 =
(
xt+i, 0
)
= − (Ct−i)2 (by Lemma 5 (iii)),
B0D2 = (xty, xty) = −E2 (by Lemma 5 (v)),
B0E2 = −B02D2 = −D2 (by Proposition 6).
(iii) The products of (Ci)0 and the generators of H
2(Qt, ϕΛ): Similarly we
have the following:
(Ci)0 A2 =
(
t− 1
2
(xi + x−i), xi + x−i
)
= t (Ci)2
(by (2.7) and Lemma 5 (iv)),
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(Ci)0 B2 = (Ct−i)0A2 = t (Ct−i)2 (by Proposition 6),
(Ci)0D2 =
(
(xi + x−i)y, (xi + x−i)y
)
=
{
2D2 (i even)
2E2 (i odd)
(by Lemma 5 (vii)),
(Ci)0 E2 = − (Ct−i)0 D2 =
{
2E2 (i even)
2D2 (i odd)
(by Proposition 6).
Note that the following equation holds in H2(Qt, ϕΛ) using Lemma 5 (i) and
(iii):
(xk, 0) =


2A2 (k = 0)
(Ck)2 (0 < k < t)
2B2 (k = t)
−(C2t−k)2 (t < k < 2t).
Checking all cases for i+ j and j− i, we have (Ci)0 (Cj)2 = (xi+j + xj−i, 0) =
Vi+j + Vj−i.
(iv) The products of D0 and the generators of H2(Qt, ϕΛ): Similarly we have
the following:
D0A2 =
(
t− 1
2
My,My
)
= −D2 (by Lemma 5 (vi) and (viii)),
D0B2 = B0D0A2 = E2 (by Proposition 6),
D0 (Ci)2 = (Mx
−iy, 0) =
{
2D2 (i even)
2E2 (i odd)
(by Lemma 5 (vi)),
D0D2 = (Mx,Mx) = −tB2 + t
t−1
2∑
l=1
(C2l−1)2
(by (2.7), Lemma 5 (i), (ii) and (iv)),
D0E2 = −B0D0D2 = tA2 + t
t−1
2∑
l=1
(C2l)2 (by Proposition 6).
(v) The products of E0 and the generators of H2(Qt, ϕΛ): Using the above
calculations and Proposition 6, we have the following:
E0A2 = B0D0A2 = −B0D2 = E2,
E0B2 = B0D0B2 = B0E2 = −D2,
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E0 (Ci)2 = B0D0 (Ci)2 =
{
2E2 (i even)
2D2 (i odd),
E0D2 = −B02D0E2 = −tA2 + t
t−1
2∑
l=1
(C2l)2,
E0E2 = −B02D0D2 = tB2 + t
t−1
2∑
l=1
(C2l−1)2.
This completes the proof of Proposition 7.
In the following, we put A4 = 1 which is a generator of H4(Qt, ϕΛ).
By Remark 1, A4 is an invertible element in the complete cohomology ring
Hˆ∗(Qt, ϕΛ). Then we have the following proposition:
Proposition 8. The generators of H4(Qt, ϕΛ) are expressed by the product of
A4 and the generators A0, B0, (Ci)0 (i = 1, 2, . . . , t−1),D0, E0 of H0(Qt, ϕΛ),
that is, the following equations hold in H4(Qt, ϕΛ):
xt = A4B0, xi + x−i = A4 (Ci)0 (i = 1, 2, . . . , t− 1),
My = A4D0, Mxy = A4E0.
Proof. The proof is similar to Proposition 4.
Finally, we compute the relations in degree 4.
Proposition 9. The following equations hold in H4(Qt, ϕΛ) for the genera-
tors A2, B2, (Ci)2 (i = 1, 2, . . . , t− 1),D2, E2 of H2(Qt, ϕΛ):
(i) 4tA4 = 4tA4B0 = 2tA4(Ci)0 = 4A4D0 = 4A4E0 = 0.
(ii) A22 =
{
tA4 (t ≡ 1 mod 4)
−tA4 (t ≡ 3 mod 4),
A2B2 =
{
tA4B0 (t ≡ 1 mod 4)
−tA4B0 (t ≡ 3 mod 4),
A2(Ci)2 = tA4(Ci)0, A2D2 = −A4D0, A2E2 = A4E0.
(iii) B22 =
{
tA4 (t ≡ 1 mod 4)
−tA4 (t ≡ 3 mod 4),
B2(Ci)2 = tA4(Ct−i)0, B2D2 = −A4E0, B2E2 = A4D0.
(iv) (Ci)2D2 =
{
2A4D0 (i even)
2A4E0 (i odd),
(Ci)2E2 =
{
2A4E0 (i even)
2A4D0 (i odd),
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(Ci)2(Cj)2 = A4(Ui+j − Ui−j),
where Uk =


(C−k)0 (−t < k < 0)
2A0 (k = 0)
(Ck)0 (0 < k < t)
2B0 (k = t)
(C2t−k)0 (t < k < 2t).
(v) D22 = tA4B0 + t
t−1
2∑
l=1
A4(C2l−1)0, D2E2 = −tA4 + t
t−1
2∑
l=1
A4(C2l)0.
(vi) E22 = tA4B0 + t
t−1
2∑
l=1
A4(C2l−1)0.
Proof. See Propositions 1 and 8 for (i). The other calculations are similar to
Proposition 5. In this proof also, we use the notation → for the elementwise
map by the natural map
Λ⊗ Λ  HomΛ(Y4, ϕΛ⊗ ϕΛ)
Hom(idY4 ,µ)−−−−−−−−→ HomΛ(Y4, ϕΛ)  Λ.
(ii) The products of A2 and the generators of H2(Qt, ϕΛ): Using Lemma 3,
we have the following:(
α−12 (A2)⊗ α−12 (A2)
) (
(∆Y )2,2 (1)
)
=
2t−1∑
k=0
1⊗ (t− 1)/2− t⊗ 1−
2t−1∑
k=0
(1− (t− 1)/2)⊗ 1−
2t−1∑
k=t+1
t⊗ 1
→ t2 − 4t,(
α−12 (A2)⊗ α−12 ((Ci)2)
) (
(∆Y )2,2 (1)
)
= t⊗ xi − t⊗ x−i +
2t−1∑
k=0
1⊗ x−i
→ t(xi + x−i),(
α−12 (A2)⊗ α−12 (D2)
) (
(∆Y )2,2 (1)
)
= −t⊗ x−2y +
2t−1∑
k=0
(t− 1)/2⊗ x2k−2y −
2t−1∑
k=t+1
t⊗ x2k−2y
→ −My,
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By Proposition 7, note that B2 = B0A2 and E2 = −B0D2 hold. Hence we
have
A2
2 =
{
tA4 (t ≡ 1 mod 4)
−tA4 (t ≡ 3 mod 4),
A2B2 =
{
tA4B0 (t ≡ 1 mod 4)
−tA4B0 (t ≡ 3 mod 4),
A2 (Ci)2 = tA4 (Ci)0 ,
A2D2 = −A4D0,
A2E2 = A4E0.
(iii) The products of B2 and the generators of H2(Qt, ϕΛ): By (ii) above and
Propositions 6 and 7, we have the following:
B2
2 = (B0A2)2 = A22 =
{
tA4 (t ≡ 1 mod 4)
−tA4 (t ≡ 3 mod 4),
B2 (Ci)2 = B0A2 (Ci)2 = tA4 (Ct−i)0 ,
B2D2 = B0A2D2 = −A4E0,
B2E2 = B0A2E2 = A4D0.
(iv) The products of (Ci)2 and the generators of H
2(Qt, ϕΛ): By Proposition
7 and the similar calculations to Proposition 5 (vi), we have the following:
(Ci)2(Cj)2 = (xi+j + x−(i+j))− (xi−j + xj−i) = A4(Ui+j − Ui−j),
(Ci)2D2 = (xi + x−i)My =
{
2A4D0 (i even)
2A4E0 (i odd),
(Ci)2E2 = −B0(Ci)2D2 = (Ct−i)2D2 =
{
2A4E0 (i even)
2A4D0 (i odd).
(v) The products of D2 and the generators of H2(Qt, ϕΛ): By Proposition 7
and the similar calculations to Proposition 5 (vii), we have the following:
D2
2 = 2txt − tMx = tA4B0 + t
t−1
2∑
l=1
A4(C2l−1)0,
D2E2 = −B0D22 = −tA4 + t
t−1
2∑
l=1
A4(C2l)0.
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(vi) The products of E2 and the generators of H2(Qt, ϕΛ): Using (v) above
and Propositions 6 and 7, we have
E2
2 = (B0D2)2 = D22 = tA4B0 + t
t−1
2∑
l=1
A4(C2l−1)0.
This completes the proof of Proposition 9.
3.3. Main Theorem.
We will state the ring structure of H∗(Qt, ϕΛ) by summarizing Propositions 2
through 9 and Remark 1.
Theorem. Let Qt be the generalized quaternion group of order 4t. We set
Λ = ZQt.
(i) If t is even, the Hochschild cohomology ring H∗(Qt, ϕΛ)( HH∗(Λ)) is
commutative, generated by the elements
A0, B0, (Ci)0 , D0, E0 ∈ H0(Qt, ϕΛ),
(Aα)2 , (Aβ)2 , (Bα)2 , (Bβ)2 , (Ci)2 , D2, E2 ∈ H2(Qt, ϕΛ),
A4 ∈ H4(Qt, ϕΛ),
for i = 1, 2, . . . , t − 1, where A0 is the identity element. The relations
are given by Table 1.
(ii) If t is odd, the Hochschild cohomology ring H∗(Qt, ϕΛ)( HH∗(Λ)) is
commutative, generated by the elements
A0, B0, (Ci)0 , D0, E0 ∈ H0(Qt, ϕΛ),
A2, B2, (Ci)2 , D2, E2 ∈ H2(Qt, ϕΛ),
A4 ∈ H4(Qt, ϕΛ)
for i = 1, 2, . . . , t − 1, where A0 is the identity element. The relations
are given by Table 2.
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(t
<
k
<
2
t)
,
V
k
=
              
−
(C
−
k
) 2
(−
t
<
k
<
0
)
(A
α
) 2
(k
=
0
)
(C
k
) 2
(0
<
k
<
t)
(B
α
) 2
(k
=
t)
−
(C
2
t
−
k
) 2
(t
<
k
<
2
t)
.
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T
a
b
le
2
.
C
o
h
o
m
o
lo
g
y
ri
n
g
H
∗ (
Q
t
,
ϕ
Λ
)
fo
r
t
o
d
d
.
B
0
(C
j
) 0
D
0
E
0
A
2
B
2
(C
j
) 2
D
2
E
2
B
0
A
0
(C
t−
j
) 0
E
0
D
0
B
2
A
2
−(
C
t−
j
) 2
−E
2
−D
2
(i
ev
en
)
2D
0
2E
0
2D
2
2E
2
(C
i
) 0
··
··
··
··
··
··
U
i+
j
+
U
i−
j
··
··
··
··
··
··
··
··
··
t(
C
i
) 2
t(
C
t−
i
) 2
V
i+
j
+
V
j
−
i
··
··
··
··
··
··
··
··
··
··
··
··
(i
od
d
)
2E
0
2D
0
2E
2
2D
2
t
≡
1
(4
)
−T
′
T
D
0
··
··
··
··
··
··
S
′
S
−D
2
E
2
{ 2
D
2
(j
ev
en
)
2E
2
(j
od
d
)
··
··
··
··
··
··
··
··
··
··
··
··
t
≡
3
(4
)
T
′
−T
t
≡
1
(4
)
−T
T
′
E
0
··
··
··
··
··
··
S
′
E
2
−D
2
{ 2
E
2
(j
ev
en
)
2D
2
(j
od
d
)
··
··
··
··
··
··
··
··
··
··
··
··
t
≡
3
(4
)
T
−T
′
t
≡
1
(4
)
tA
4
tA
4
B
0
4
A
2
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
tA
4
(C
j
) 0
−A
4
D
0
A
4
E
0
t
≡
3
(4
)
−t
A
4
−t
A
4
B
0
t
≡
1
(4
)
tA
4
4
B
2
··
··
··
··
··
··
··
··
··
··
·
tA
4
(C
t−
j
) 0
−A
4
E
0
A
4
D
0
t
≡
3
(4
)
−t
A
4
(i
ev
en
)
2A
4
D
0
2A
4
E
0
2
t
(C
i
) 2
··
··
··
··
··
··
A
4
(U
i+
j
−
U
i−
j
)
··
··
··
··
··
··
··
··
··
··
··
··
(i
od
d
)
2A
4
E
0
2A
4
D
0
4
D
2
A
4
S
′
−A
4
S
4
E
2
A
4
S
′
4
t
A
4
4
t
(A
4
B
0
)
2
t
(A
4
(C
j
) 0
)
4
(A
4
D
0
)
4
(A
4
E
0
)
l
W
m
m
e
a
n
s
th
a
t
l
is
th
e
o
rd
e
r
o
f
W
m
∈
H
m
(Q
t
,
ϕ
Λ
)
a
s
a

-m
o
d
u
le
.
S
:=
tA
0
+
t
t
−
1
2
 l=
1
(C
2
l
) 0
,
S
′
:=
tB
0
+
t
t
−
1
2
 l=
1
(C
2
l−
1
) 0
,
T
:=
A
2
+
t
t
−
1
2
 l=
1
(C
2
l
) 2
,
T
′
:=
B
2
+
t
t
−
1
2
 l=
1
(C
2
l−
1
) 2
,
U
k
=
              
(C
−
k
) 0
(−
t
<
k
<
0
)
2
A
0
(k
=
0
)
(C
k
) 0
(0
<
k
<
t)
2
B
0
(k
=
t)
(C
2
t
−
k
) 0
(t
<
k
<
2
t)
,
V
k
=
              
−
(C
−
k
) 2
(−
t
<
k
<
0
)
2
A
2
(k
=
0
)
(C
k
) 2
(0
<
k
<
t)
2
B
2
(k
=
t)
−
(C
2
t
−
k
) 2
(t
<
k
<
2
t)
.
(N
o
te
:
S
′ ,
T
,
T
′ ,
V
k
a
re
in
d
e
p
e
n
d
e
n
t
o
f
th
e
n
o
ta
ti
o
n
in
T
a
b
le
1
.)
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Example. Let Λ = ZQ2 for the quaternion group Q2 of order 8. We
give the table of multiplicative structure for the Hochschild cohomology ring
H∗(Qt, ϕΛ)( (HH∗(Λ)), which is the case of t = 2 in Table 1.
T
a
bl
e
3
.
C
o
h
o
m
o
lo
g
y
ri
n
g
H
∗ (
Q
2
, ϕ
Λ
).
B
0
(C
1
) 0
D
0
E
0
(A
α
) 2
(A
β
) 2
(B
α
) 2
(B
β
) 2
(C
1
) 2
D
2
E
2
B
0
A
0
(C
1
) 0
D
0
E
0
(B
α
) 2
(B
β
) 2
(A
α
) 2
(A
β
) 2
−(
C
1
) 2
−D
2
−E
2
(C
1
) 0
2(
A
0
+
B
0
)
2E
0
2D
0
0
2(
C
1
) 2
0
2(
C
1
) 2
(A
α
) 2
+
(B
α
) 2
2E
2
2D
2
D
0
2(
A
0
+
B
0
)
2(
C
1
) 0
2D
2
2D
2
2D
2
2D
2
2E
2
(A
α
) 2
+
(B
α
) 2
+
(A
β
) 2
+
(B
β
) 2
2(
C
1
) 2
E
0
2(
A
0
+
B
0
)
2E
2
0
2E
2
0
2D
2
2(
C
1
) 2
(A
β
) 2
+
(B
β
) 2
2
(A
α
) 2
0
4A
4
0
4A
4
B
0
0
2A
4
D
0
2A
4
E
0
2
(A
β
) 2
0
4A
4
B
0
0
2A
4
(C
1
) 0
2A
4
D
0
0
2
(B
α
) 2
0
4A
4
0
2A
4
D
0
2A
4
E
0
2
(B
β
) 2
0
2A
4
(C
1
) 0
2A
4
D
0
0
4
(C
1
) 2
2A
4
(B
0
−
A
0
)
2A
4
E
0
2A
4
D
0
4
D
2
2A
4
(B
0
−
A
0
)
2A
4
(C
1
) 0
4
E
2
2A
4
(B
0
−
A
0
)
8
A
4
8
(A
4
B
0
)
4
(A
4
(C
1
) 0
)
4
(A
4
D
0
)
4
(A
4
E
0
)
lW
m
m
ea
n
s
th
a
t
l
is
th
e
o
rd
er
o
f
W
m
∈
H
m
(Q
2
, ϕ
Λ
)
a
s
a

-m
o
d
u
le
.
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Remark 2. A precise description of the cohomology ring H∗(Qt,Z) for t  2
is given by [HaSa, Section 4]:
H∗(Qt,Z)
=


Z[A,B,C]/(2A,2B, 4tC,A2 , B2 − 2tC,AB − 2tC) (t ≡ 0 mod 4)
Z[A,B,C]/(2A,2B, 4tC,A2 , B2, AB − 2tC) (t ≡ 2 mod 4)
Z[X,Y ]/(4X,4tY,X2 − tY ) (t ≡ 1 mod 4)
Z[X,Y ]/(4X,4tY,X2 + tY ) (t ≡ 3 mod 4),
where degA = degB = degX = 2 and degC = deg Y = 4. If t is even, the
monomorphism of the cohomology rings H∗(Qt,Z) → H∗(Qt, ϕΛ) is induced
by the map A → (Aα)2 , B → (Aβ)2 , C → A4. So we may identify the gener-
ators of cohomology ring H∗(Qt,Z) with the subring of H∗(Qt, ϕΛ) generated
by (Aα)2 , (Aβ)2 , A4 (see Proposition 5 (ii)). If t is odd, this is induced by
the map X → A2, Y → A4. So we may identify the generators of cohomology
ring H∗(Qt,Z) with the subring of H∗(Qt, ϕΛ) generated by A2 and A4 (see
Proposition 9 (ii)).
Acknowledgement
The author would like to express his gratitude to Professor K. Sanada and
Professor T. Nozawa for valuable comments and many helpful suggestions.
The author would also like to express his gratitude to the referee for valuable
comments and many helpful suggestions which help to improve the original
presentation of this paper.
References
[B] D. J. Benson, Representations and cohomology II: cohomology of groups and
modules, Cambridge University Press, Cambridge, 1991.
[CaE] H. Cartan and S. Eilenberg, Homological Algebra, Princeton University Press,
Princeton. NJ., 1956.
[CiSo] C. Cibils and A. Solotar, Hochschild cohomology algebra of abelian groups,
Arch. Math. 68 (1997), 17–21.
[HaSa] T. Hayami and K. Sanada, Cohomology ring of the generalized quaternion
group with coeﬃcients in an order, Comm. Algebra (to appear).
[Hoch] G. Hochschild, On the Cohomology Groups of an Associative Algebra, Ann.
of Math. 46 (1945), 58–67.
[Hol] T. Holm, The Hochschild cohomology ring of a modular group algebra: the
commutative case, Comm. Algebra 24 (1996), 1957–1969.
126 T. HAYAMI
[M] S. MacLane, Homology, Springer-Verlag Berlin Heidelberg New York, 1975.
[NSa] T. Nozawa and K. Sanada, Cup products on the complete relative cohomologies
of ﬁnite groups and group algebras, Hokkaido Math. J. 28 (1999), 545–556.
[Sa1] K. Sanada, On the cohomology of Frobenius algebras, J. Pure Appl. Algebra
80 (1992), 65–88.
[Sa2] K. Sanada, On the Hochschild cohomology of crossed products, Comm. Alge-
bra 21 (1993), 2727–2748.
[Sa3] K. Sanada, Remarks on cohomology rings of the quaternion group and the
quaternion algebra, SUT J. of Math. 31 (1995), 85–92.
[SiW] S. F. Siegel and S. J. Witherspoon, The Hochschild cohomology ring of a
group algebra, Proc. London Math. Soc. (3) 79 (1999), 131–157.
[T] C. B. Thomas, Characteristic classes and the cohomology of ﬁnite groups,
Cambridge University Press, Cambridge, 1986.
Takao Hayami
Department of Mathematics, Science University of Tokyo
Wakamiya-cho 26, Shinjuku-ku, Tokyo 162-0827, Japan
E-mail : hayami@minserver.ma.kagu.sut.ac.jp
